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In the analysis and design of control systems one must
recognize the virtual inevitability of known or unknown
disturbances on the system. It is the function of the con-
troller to maintain the system in the desired state in the
face of such disturbances. The present work is a study of
control-system behavior for large disturbances where the
disturbances are always step-changes in one or more of the
state variables. The need for considering such large dis-
turbances arises from two fundamental facts. (1) Even if
the disturbances appear to be small, there is no suitable
criterion of smallness available. (2) Quite large disturb-
ances do occur in real control systems. Therefore, if a
controller cannot maintain the desired state of a system
when subjected to large disturbances, it may often be con-
sidered a failure.

The need for considering nonlinear phenomena in con-
trol systems is obvious from their universal occurrence
(9). Linear approximations fail to predict many types of
system behavior which could only be classified as failures
of the control system. Only by considering the nonlineari-
ties can one hope to be assured that a particular process-
controller combination will not fail.

In the present work the procedure has been to use all
the information available about a process to derive a
mathematical model for its dynamic behavior. In general
the mathematical model will be nonlinear, and the type of
system of interest is one which is characterized by a set of
ordinary differential equations of the form

xi = fi(x1,%2,...%) i=1,284,...n

The fi(x1,...2n) functions are composed of all the con-
tributions to the rates of change of the state variables, xi.
The process and the controller both contribute to the rates
of change of the state variables. Since time does not occur
explicitly in the fi(x1,...xn), and the x: are independent
of space position, the system is autonomous and of lumped
parameter form.

The existence and uniqueness of solutions to the system
equations have been discussed extensively by Nemytskii
and Stepanov (15). It suffices here to note only that exist-
ence and uniqueness are assured if the fi(x) are continu-
ous and have continuous first partial derivatives. The
existence and uniqueness of the solution do not, however,
assure that the solution is available. Indeed, in all but a
few special cases the analytical solution is not available.

A school of mathematicians beginning with Poincaré
(16) developed the qualitative theory of differential equa-
tions to treat the type of problem outlined above. The
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fundamental idea is that one admits that a solution in
closed form is not available. As much information as pos-
sible about the solution is then sought from the nature of
the functions fi(x1, ... xn). This approach to the problem
will prevail throughout this paper.

The two fundamental problems of control are to assure
stability and to assure an acceptable level of control qual-
ity (12). The stability problem requires an absolute an-
swer. Either the system returns to the desired state when
it is disturbed or it does not. Once stability has been as-
sured, then one must assure that the desired state is
reached in an acceptable amount of time. This is the
problem of control stability. For nonlinear systems a state-
ment of stability or control quality must always carry with
it a statement of the size of the disturbance. The behavior
of the system may be entirely different for very large dis-
turbances than for small ones.

THEORY
Lyapunov’s Concepts

The application of the qualitative theory of differential
equations to stability problems was first attempted by
Poincaré in the 1880°s (16). His classification of equilib-
rium points is still followed as one of the first steps in the
analysis of nonlinear systems. In the decade following
Poincaré’s work, Lyapunov developed a new branch of
applied mechanics using qualitative theory (13). It was
Lyapunov’s goal to obtain stability criteria for real physi-
cal systems. His results are embodied in two distinct
methods of stability analysis. The first method involves the
use of the analytical solution to the problem. His second
method (or direct method) is a qualitative approach to
stability analysis of those systems where an analytical
solution is not available. The details of the direct method
will be discussed in the next section. It is the fundamental
idea of Lyapunov’s approach which has had the most pro-
found effect upon control theory in Russia.

The most important contribution of Lyapunov’s work is
that it unifies the analysis of linear and nonlinear prob-
lems. The same methods are used for each, in recognition
of the fact that in most cases an analytical solution is not
available. Geometric considerations led him to stability
criteria which are applicable to both linear and nonlinear
systems. This concept of a geometric approach to stability
problems did not ease the nonlinear problem appreciably.
As one might expect, these concepts produce the most
useful results for linear systems only.
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Developments in the West in the analysis of nonlinear
systems occurred much later and were much less fruitful
than Lyapunov’s methods (I4). In these works the non-
linear problem is usually considered to be almost linear or
a problem of searching for approximate solutions of some
form. The unifying concept of qualitative theory did not
reach Western control literature until the important papers
of Bertram and Kalman were published (3). In the short
time since the publication of those papers, a phenomenal
interest has developed in the West in Lyapunov’s direct
method.

The goal of stability analysis is to determine whether
the size of the disturbance on a system will affect the
stability. Consider for example a second-order autonomous
system

x=P(x,y)
y=Q(x,y)

where P and Q satisfy the conditions necessary for exist-
ence and uniqueness of solutions. Multiple equilibrium
states are distinct possibilities in such a system. If an un-
desired equilibrium results from a particular disturbance,
then the system is certainly unstable. The location of the
equilibrium states may be determined algebraically from

P(xe, ye) = Q(xe, ye) =0

The stability of a system is also affected by the existence
of limit cycles. Limit cycles are continuous oscillations
which represent distinct changes in the stability of the
system. In a second-order system, a limit cycle is simply a
closed solution in a plane. For higher order systems the
concept of a limit cycle may be generalized by referring
to it as an invariant limiting set (11).

The existence and location of limit cycles are of great
concern in predicting the success of a control system in
handling large disturbances. Poincaré offers the greatest
insight into the existence of limit cycles wherein the re-
sults are in the form of necessary conditions which must
be fulfilled for a limit cycle to exist. Other forms of neces-
sary conditions for the existence of limit cycles are em-
bodied in Lyapunov’s direct method and in Bendixon’s
criterion (1). Once these necessary conditions are fulfilled,
one still has no assurance that limit cycles do in fact occur.

The important problem of stability analysis remains one
of determining conclusively the existence of invariant
limiting sets. The first goal of improving control quality is
to eliminate the undesirable invariant limiting sets from
the behavior pattern of the system.

Lyapunov’s Direct Method

Consider an autonomous system represented by Equa-
tion (1)

%i=fi(xy,x2,...%2) £=12,...n (H
where now the origin is one of the equilibrium states
fi(0) =0 i=1,2,...n (2)

The search for stability properties of the solution xi(x10,
X20 . . . Xuo, fo, £} is reduced to the search for a scalar func-
tion, V(x1, a2, ... 2), with the following properties:

1. Outside the origin: V(x1,x2,...,%:) > 0
2. V(0) =0

3. V{x1,%2,...,%n) is continuous and has continuous

first partial derivatives in an open region @ about the
origin (11).
av )% v

dxz +fn 8%n

=(0in Q

4. V=f—
fi ax1 tf
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A function with the properties given above is a Lyapunov
function. If such a function exists, the system is “stable in
the sense of Lyapunov.” If condition 4 is modified as fol-
lows

4a. V < 0 in Q outside the origin
4b. V(0) =0

then the stability is asymptotic. These statements are a
direct result of Lyapunov’s theorems which are proven
from geometric considerations in n-dimensional Euclidean
space.

The existence of a Lyapunov function is a sufficient
condition for stability. Lyapunov’s direct method involves
a search for such a function. The fact that Lyapunov func-
tions have not been found for many systems does not nec-
essarily indicate that those systems are unstable. In fact
the search for a Lyapunov function which is both a neces-
sary and sufficient condition for stability has been likened
to the search for an analytical solution (12).

Often the region, Q, may not include the entire region of
interest. It is then very useful to determine the extent of
asymptotic stability by Lyapunov’s direct method. If a
bounded region, 2, is defined by

V(xl,xz, e, Xn) <L
and within Q.
V>0

V(0) =0
V< Oforx+0
V(0)=0

then the origin is asymptotically stable, and any solution
starting in Qr tends to the origin as ¢ » co (I1). This
concept is especially useful for determining those regions
prohibited to invariant limiting sets other than the origin.

It is the nature of Lyapunov’s direct method that it is
easy to apply to linear systems where it is of little value.
The application of the method to nonlinear systems re-
quires a great deal of ingenuity which is acquired only by
experience. Unfortunately, the theorems of Lyapunov offer
no clues on how to find a Lyapunov function.

An important starting point in deriving a Lyapunov
function is to recognize that a Lyapunov function of
quadratic form may always be found for linear systems
(3). An important coniribution to applications of
Lyapunov’s direct method was made by Letov in studies of
controlling linear systems with nonlinear controllers (12).
He was able to find a Lyapunov function which was a
sum of a quadratic form and an integral of the controller
action:

Voot |, flo)de

® = quadratic form
o = control variable (3)

f(o) = controller action
where
of(e) >0 for

Letov recognized that solutions to the stability problem
obtained from this Lyapunov function were only sufficient
conditions for stability. Because of this limitation, one
might expect that at times the solutions would be physi-
cally unrealizable. This does not detract, however, from
the contributions made by Letov particularly in cases
where one of the characteristic roots of the linear system
may be zero. The application of Lyapunov’s direct method
to such a problem was also demonstrated by Higgins in

o 0.
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a stability analysis of a nuclear reactor (7). Letov also
extended his technique of stability analysis to the control
quality problem. By a change of variables he was able
to reduce the control quality problem to a conventional
stability problem.

Other interesting discussions and applications of
Lyapunov’s direct method have appeared but are too
numerous to discuss in detail here. The results of Krasov-
skii (10) and Ingwerson (8) deserve particular mention
here, however. Krasovskii derived the conditions for
which a quadratic form in the derivatives, %;, may be a
Lyapunov function. Unfortunately, Krasovskii’s results
have more rigor than practicability. One interesting ap-
plication of Krasovskii’s result to control systems has been
discussed by Chang (5). Ingwerson discussed extensions
of the quadratic form of Lyapunov functions to nonlinear
systems. The method is especially powerful in the stability
analysis of systems which have nonlinearities in only one
of the set of functions, fi(x).

A GEOMETRIC STABILITY CRITERION FOR
SECOND-ORDER AUTONOMOUS SYSTEMS

Consider once again a second-order autonomous system
x=P(x,y)

where P(0,0) = Q(0,0). The functions P and Q are in
general continuous and nonlinear. Without loss of general-
ity they may be separated into their linear and nonlinear
parts

x=ax + by + P2(x, y)

y=ocx+dy + Qz(x, y) (4)

where P2 and Q2 are of degree two or higher. This sepa-
ration is performed merely to define the linear parameters,
a, b, ¢, and d.

Nemytskii and Stepanov suggested that sufficient infor-
mation for stability analysis of such a system may be con-
tained in the two loci (15)

P(x,y) =0 (5)
Q(xy) =0 (6)

They did not, however, suggest any formal procedure for
obtaining the desired results. It is the basic proposition of
this paper that the information contained in those loci
plus two additional ones is sufficient for stability analy-
sis. The two additional loci are the loci of maximum and
minimum radius:

R=0 (7)

where
R = /% + m¥%? (8)
m2=—Db/c (9)

It will be assumed that the origin is an isolated equilib-
rium point and the linear parameters are restricted thus:

ad—bec>0 (10)
—b/e>0 (11)

Beginning at an arbitrary point in the (x,y) plane it is
now possible to construct an approximate integral ac-
cording to the following policy.

1. When the radius is increasing, the radius is held to
its minimum (that is, for R > 0; R = Rmin).

2. When the radius is decreasing, the radius is held
to its maximum (that is, for R < 0; R = BRmax).
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o=oj

Fig. 1. Linear system,

When this alternating extreme radius path (AERP) is
constructed, the direction of rotation about the origin is
determined by the signs of P and Q. Using the informa-
tion from the four loci of Equations (5), (6), and (7),
one may construct the AERP. It is composed of straight
lines and ares of circles with centers at the origin.

Is there any relationship between the stability of the
AERP and the stability of the actual integral? Since
there is no mathematical proof of such a relationship, it
will be demonstrated in the following examples that a
relationship does seem to exist.

PROBLEMS FROM CLASSICAL MECHANICS

Linear Systems

The construction of an alternating extreme radius path
(AERP) will first be illustrated for the linear system

x = ax + by
(12)
y=cx+dy

The four pertinent loci are all straight lines in the (x, y)
plane (Figure 1). )

P(x,y) =ax+by=20 (13)
Q(x,y) =cx+dy=20 (14)

R:o;;,:r(\/ﬁ)x (15)

Starting on the y-axis at Ro, the correct path according
to the alternating extreme radius policy is a horizontal
straight line. Any path with negative slope would cause
the radius not to be a minimum. Any path with positive
slope would violate the positive sign on Q. At point A
the correct path is the arc of the circle with its center at
the origin. Any path exterior to this one would not be a
minimum radius path. An interior path to this arc would
violate the positive sign of R. After the locus of Rmax is
crossed, the correct path is the arc of the same circle. Now
with R < 0, any interior path would not be a maximum
radius path. Any exterior path would violate the negative
sign of R. At point B, a vertical straight line is the path
of maximum radius. In like manner the complete cycle of
the AERP may be constructed. It should be noted here
that once the general locations of the R = 0 loci are
ascertained, their exact location is not important. For
this reason these loci of R = 0 will not be included in
many of the examples which follow. The importance of
these loci in the reasoning above is obvious, however.
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CLOSED AERP

Figure 2. van der Pol's equation
e=1

For linear systems the radius after one cycle of the
AERP may be expressed analytically’ in terms of the
initial radius:

ren(Co1) (221) e

The difference in the squares of the radii is then
2a 2d

lal lal
312—302=Roz[(£—1) (ﬁ—l)
be be

- This difference is negative for

a+d<0 (18)

_1]

(17)

which is one of the Routh-Hurwitz stability criteria. The
other Routh-Hurwitz criterion is automatically satisfied
by the previous restriction of Equation (10). The quad-
ratic form of Equation (17) suggests a Lyapunov func-
tion with a first derivative of the form

V = M(x2 4 4?) (19)
where
2a 2d
ol ar

v [(E-) (@)

The corresponding Lyapunov function would be
V=a Ax (21)

—1] (20)

where

Y

/—LIMIT CYCLE

CLOSED AERP

2

Fig. 3. The van der Pol equation
e =10,
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x = [:], %" = [xy] = transpose of x

ai aie
A= (symmetric, positive definite)
a1z aze

The elements of A are

_ _1_\/1_ c(ac + bd)
o = 2a[l+ (ad—bo) (a+ d) ] (22)
s M(ac + bd) (23)

2(ad — be) (a + d)

__l\i b(ac + bd)
o= [1+ (ad—be) (a +d) ]

23 (24)

One may easily assure the positive definite nature of A by
observing that B
an >0 (25)

ai aze — a2 >0 (26)

The van der Pol Equation

Among the simplest of the nonlinear systems which one
might consider is the van der Pol equation

it e(x2—1)i+x=0 (27)
which may be transformed to
. x3
i=y—e(Z-x) (28)
y=—x

This is a particularly interesting system because the in-
tegral exhibits limit-cycle behavior (1). The AERP cycles
have been constructed in Figure 2, and a closed alter-
nating extreme path also exists (Figure 3). This is the first
indication from a nonlinear system that the stability of the
AERP is qualitatively the same as the stability of the
true integral. From Equation (28), it is obvious that
this closed AERP will exist for all . It is also known that
limit cycle exists for all ¢ (11). This suggests a definite
correlation between the existence of a closed AERP and
the existence of a limit cycle. If this correlation proves
valid, the first fundamental problem of stability analysis
will be solved for second-order systems. A sufficient con-
dition for the existence of limit cycles will have been
found.

STABILITY AND CONTROL OF A CONTINUOUS
STIRRED-TANK CHEMICAL REACTOR

The analysis of chemical process control systems has
usually been accomplished through the use of conveni-
ent linear approximations. In many cases this approach
has been very satisfactory. Fortunately, the nonlinear
phenomena may even have beneficial effects in many
chemical and staged operations. One may also resort to
large holdups in chemical systems to minimize the effects
of disturbances. It is not necessary therefore .to consider
the effects of nonlinear phenomena on the stability and
control of such systems. One important exception to this
statement was first pointed out by Frank-Kamenetskii
(6). In the study of heterogeneous combustion reactions
he found multiple equilibrium states. Each equilibrium
state represented a balance of the heat-generation rate
with the heat removal-rate. Bilous and Amundson (4)
and others have also discussed similar phenomena in
continuous stirred reactors with exothermic reactions.
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The local stability of each equilibrium state could be de-
termined by the relative magnitudes of the heat-genera-
tion rate and heat-removal rate near equilibrium. Aris
and Amundson considered the global stability problem
and the control quality problem for this continuous
stirred-tank reactor (2). Their results were obtained by
numerically integrating the dynamic equations in the form
of the second-order autonomous system x = P(x,y), §j =
Q(x,y). They found that limit cycles do exist in such a
system for certain values of the control parameters. In
what follows here the Aris and Amundson problem will
be analyzed with the use of the alternating extreme radius
path.

Eirst-Order Exothermic Reaction

Consider an irreversible, exothermic reaction in the
vessel shown in Figure 4. The reaction is a simple trans-
formation of A to B

A~ B (29)
where the rate of reaction is given by
r = ko Ca® (30)

This rate of reaction must be coupled with the other
transport rates to complete the formulation of the dynamic

equations
Y ZiA = F(Cao— Ca) — kVe E/R'T> C 1
(31)
PV ZZ: = pFCp(To—T°) +

AHKVe~F/RT*Cym — (hA + go) (T® — Te)

Proportional Control
For proportional control on temperature, gc has the
form
ge= K¥(T —Ts) (32)

With this form for the control function, the problem of
offset will be eliminated if it is assumed that Ts is also
an equilibrium temperature in the absence of control.
The following definitions are now made in order to make
the origin an equilibrium state:

T* — T, Ca— Cas
T= ;€= s t=1%/
Ts ¢ CAs T
Equation (31) will now have the form
T
[
de T+1
-d—t=—-c—/8[(1+0)"e —11=P(c,T)
(33)
T
dT T+ 1
KT[T + (1 —ac)] = Qle, T)
CO
. __l — l
COOLANT ¢
N JACKET
l CA
CONTROL—" REACTOR
VALVE T
CONTROLLER jﬁ? -~
COOLANT
7L_{ oot
TEMPERATURA &
SENSOR Ca
Fig. 4. Continuous stirred-tank reactor with
controlled jacket cooling.
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Fig. 5. First-order reaction with proportional

P:0

control
K =16
(hA)max = &
where
AHC e~
P(0,0) = Q(0,0) =0 om0
pCpl 4
Qe = T(:/Ts
B = the 6Cax | ¢ = E/R'Ts
14 kA B K*T,
¥ pVCp o pVCyp

The formulation of the problem is not complete without
considering the constraints on the controller. The first
and obvious constraint is that a negative flow rate to the
jacket is not allowed:

hA + ge=0 (34)

Secondly, there must exist some maximum flow rate for
any real cooling system:

(RA + gc) = (hA) *max (35)
In dimensionless form this constraint becomes
(hA) max = max of <7~ 1+ p’fgp) (36)

From the linear parts of Equation (33) one may deter-
mine the scale factor for constructing the alternating ex-
treme radius paths (AERP):

2 PO

(37)
Tie

Examples of AERP constructions are shown in Figures 5
and 6. Where limit cycles exist they are shown superim-
posed upon the AERP. The results of these constructions

om0
T
[ and 4_0, CONTROLLER
FULLY ON
o.os—‘\
f—1— . —
-1 05 |
—oi4 CONTROLLER
[ or
040\ "p0

Fig. 6. First-order reaction with proportional
control
K=16
(hA)max =2
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CLLOSED AERP'S
K=14
3
1.0

Ro

Fig. 7. Alternating extreme radius paths for
first-order exothermic chemical reaction in a
continuous stirred tank
(hA)max == 0

are then summarized in Figures 7 and 8. In every case
the existence of a closed AERP was sufficient to predict
the existence of a limit cycle. These results confirm those
of Aris and Amundson which were obtained by numeri-
cal integration. The numerical integrations were also re-
peated in order to determine the location of the limit
cycles very accurately and to compare the times required
for the AERP calculations and the numerical integration.
With an IBM-650 computer, the pertinent loci for the
AERP construction could be found in approximately 2
min. This information is sufficient to determine the sta-
bility of any disturbance in the (c,t) plane. An average
time of 30 min. for each particular initial condition was
required for the numerical integration using the Edelman
method. This numerical integration will produce stability
information only for that set of initial conditions along
one solution path.

In each case the stability of the actual integral found
by numerical integration was compared with the stability
of the alternating extreme radius path. This AERP never
failed to be a valid stability criterion. The existence of a
closed AERP was always sufficient to predict a closed
integral (that is, a limit cycle). It would appear that the
first problem of control for this chemical reactor system
has been solved. A stability criterion for large disturb-
ances has been found,

The second problem of control, the problem of control
quality, may now be considered. One might expect maxi-
mum quality from that set of control parameters which
minimize the area under the curves of Figure 7. For this
problem of a first-order reaction with proportional con-
trol, the optimum value of K would appear to be its
largest possible value. In any real system there will be
time delays in the control system, however, which would
make very large proportional gains undesirable. In addi-
tion, any other lags or nonlinearities in the controller
would make very large gains unattainable. The principal
question here is one of desirability. The presence of
time delays places an upper bound on the values of pro-
portional gain which assure local stability. One might
resort then to conventional practice in control system
synthesis where one chooses the proportional gain at
about twice the minimum allowable value for stability.
In this case, K = 40 might be a reasonable choice. Now
the AERP can be used to assure that this choice gives a
stable system fo. all disturbances regardless of size.

Proportional Plus Eerivative Control

Now consider the continuous stirred reactor of Figure

4 with both proportional and derivative control. The con-
trol function is now

*

" ar

a dqt*

ge = K® [(T* —Ts) + (38)

VYol. 10, No. 1

A.L.Ch.E. Journal

The dynamic equations in the form of Equation (33) now
become

T
8
%z-c—*ﬁ[(l-kc)”e T+1——1]=P(C,T>
(39)
T
dar €T+1
—Ez—'yT-{—e[(l—Fc)"e — 17—
dar
K[T"i‘rda—] [T+(1““C)] (40}

In the latter of these the derivative may be solved for
explicitly:

ar 1
dt 1+ Kra [T + (1 —ac)]

T
T
[—7T+e[(1+c)"e —11—
KT [T+ (1 — o) } =Q(,T) (41)

It can be seen from Equations (39) and (41) that the
two loci of P = 0 and Q = 0 are the same as with pro-
portional control alone. The effect of derivative action is
to change the scale factor, m, where now

mzr—%[l-}—l{m(lrac)] (42)

The constraints on the controller are also distorted by
the derivative action

K
0=y —1+KT + ik

1+ Krg [T 4+ (1 —ac)] -
; T
+ 1
VT 4+ e[(1+c)me — 1] —
KT [T +(1 —ac)] = (hA) max (43)

When these constraints are exceeded, the system behaves

as though no controller existed, and the scale factor re-

verts to that given by Equation (37):
Bé

Ne

m2 (87)
The construction of the alternating extreme radius path
is thus complicated by the use of two scale factors. The
pertinent loci for the construction are shown in Figures
9 and 10 for K = 40. The constructions have been car-
ried out and the results are summarized in Figure 11.
From these results one observes an improvement in con-
trol quality with the use of derivative control. The im-

.01
R K=24
051 .

Ro

Fig. 8. Alternating extreme radius paths for
a first-order exothermic chemical reaction in
o continuous stirred tank
(hA)max =S5 2
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\\ +0.05
AN
S CONTROLLER
~ FULLY ON
p=0— \\\
.
h ; ;= ny
T U T~
-l N_-05 05 |
~
\\
<
Q=0 ~~4__
-0.05+ T
CONTROLLER
OFF

Fig. 9. First-order chemical reaction with pro-
portional and derivative control

K =40
1q = 0.25
(hA)max = 2

provement is greatest for small disturbances where the
controller action is within the constraints. For large dis-
turbances the distortion of the constraints by derivative
action may cause the quality of control to diminish with
increasing rd.

A Control Quality Problem with Two Controllers

So far the geometric stability criterion which uses the
alternating extreme radius path has been used to assure
stability for large disturbances in control systems. It has
been applied to systems designed by conventional linear
methods to assure that the nonlinearities do not cause a
control system failure. Refinements on these designs will
now be considered with the goal of improving the control
quality for large disturbances.

Consider the chemical reactor system of Figure 12
where the heat produced in the reactor is used to pre-
heat the feed to the reactor. Heat will also be removed
from the reactor by a cooling jacket. The temperature in
the reactor will be controlled by controlling the jacket
coolant flow rate and the bypass of the heat exchanger.
This will be done with two independent proportional
controllers, each with constraints on their actions. The de-
lay in the feed line between the heat exchanger and the
reactor will be ignored. The dynamic equations in the
form of Equation (83) become

4 CONTROLLER
N FULLY ON
~

N
CONTROLLER  “«_
OFF +

-0.05 4~ >~

Fig. 10. First-order chemical reaction with
proportional and derivative control

K = 40
1q = 0.60
(hA)max = 2
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Fig. 11. Alternating extreme radius paths for

a first-order exothermic chemical reaction in

a continuous stirred tank with proportional
and derivative control

K= 40
(hA)max:2
T
d ‘T
Z=—c—pld+ore  —11=P(cT)
dar T
dt 1+f(y2—1)
T
¢
+1
(mi—1) T+ e[(1+c)me — 17—

KoT (y2— 1) (1 — ac)

KiT [T 1—ac)]—
TIT+ )1 v2[l—f(y2—1)]

=Q(cT)
(44)

In this formulation the AT in the heat exchanger is as-
sumed constant for its entire length although it may
change with time. The heat capacity of the heat ex-
changer is also neglected.

The constraints on the two controllers become
0=y—1+KiT = (hA)max (jacket) (45
0 =f=fmax (heat exchanger) (45)

Once again the loci of P = 0 and Q = 0 may be com-
puted and the alternating extreme radius paths may be
constructed. The scale factor for a first-order reaction is
given by

m2 = @

€

The problem to be solved with the AERP’s is to decide
how to distribute the control action between the two
controllers. Conventional linear methods would give a
value of d, where

1
d=e¢0 — (y1—1) ——
Y2
K —1)(1 —ar
— Ki(l — &) — 22 )2( or) (47)
v2
GOOLANT \i/ l
N
CONTROL Ca
T*
V/ T
TEMPERATURE l
SENSOR COOLANT
ouT

CONTROLLER
NO. 2

Fig. 12. Continuous stirred-tank recictor with
two controllers.
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Fig. 13. Alternating extreme radius paths for
a first-order exothermic chemical reaction in
o continuous stirred tank with two controllers.

Once a suitable d is chosen, linear theory offers no help
in deciding how to choose Ki and Ka. In the numerical
example which follows, d will be held constant, and the
AERP’s will be used to compare the control quality for
various Ki and Kz combinations.

The results of the AERP constructions are summarized
in Figure 13. It is found that better control quality is ob-
tained for Ki = 32 than for Ki == 20 or 40. This value of
Ki = 32 also better isolates the origin from the other
equilibrium points. The AERP method has thus given a
solution to the control quality problem. This solution must
now be compared with the actual solution obtained by
numerical integration. The control quality will be ex-
pressed in terms of a performance index, P':

t
p= [ (421 a (48)
0

Equation (45) was integrated numerically and the
performance index, P’, was evaluated at each step in
the integration. The lowest value of P’ would indicate the
best control quality. The results of the numerical inte-
gration are given in Table 1, where p is chosen such that
p = m. The smallest performance index was obtained
for K1 = 32, thus the AERP would have given the cor-
rect answer to the control quality question. The best con-
troller arrangement for handling large disturbances ap-
pears to be one which distributes the control action be-
tween the two controllers. The use of either controller
alone does not produce a good control quality. No dis-
tinction can be made in the way the controllers handle
small disturbances. (See Figure 13 for small Ro.)

The alternating extreme radius paths have been used
to solve the two fundamental problems of control for a
first-order exothermic reaction in a continuous stirred tank.
First, stability was assured and confirmed by numerical
integration. Then, a control quality problem was solved
and an optimum controller was designed. The validity of
this optimum design was confirmed by numerical integra-
tion.

Second-Order Exothermic Reaction

Consider the same chemical reactor system as shown in
Figure 4, where the reaction is now second-order. The

TaBLE 1. FirsT-OrpER ExorHerMICc REACTION WITH
Two CONTROLLERS: PERFORMANCE INDEX FROM
NUMERICAL INTEGRATIONS

B=171=2¢=.256=251—a =.125
1— aR = .25, Y2 = 2, fmax = 2,(hA)max =2

Initial conditions: ¢ = 0, T = 0.1
Total dimensionless time = 3.9325

K1 Ks P’

20 48 2.197
32 24 2.159
40 8 2.194
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dynamic equations assume the same form as Equation
(33) where now n = 2:

T
dC 0T+1
L e—Bl0 e —1=P@T)
(49)
T
T 1
e Tl 4ee =11

KT [T+ (1—a)]=0Q(cT)

The loci of P = 0 and Q = 0 may be computed by solv-
ing quadratics in ¢. The scale factor for constructing the
alternating extreme radius path is given by

8o

m2 = —
2e
A number of examples have been worked out with one
result shown in Figure 14. The results are what would
be expected from the previous problem. The alternating
extreme radius path is once again useful in predicting the
existence of limit cycles.

Reversible Reaction

Unfortunately all process control systems cannot be
described by equations of the form of x = P(x,y) § =
Q(x,y). Higher order differential equations are many
times necessary for a complete mathematical description
of the system. One such system would be obtained if the
chemical reaction in the previous problem was made re-
versible:

A&2B

If both reactions are considered first-order, the rate of
reaction becomes

r = k10Ca — k20Cp (50)
where
kio = kig~FU/R'T* (forward)
koo = kee Ex/R'T* (reverse)

This rate may now be coupled with the other tramsport
rates to give the dynamic equations for a continuous
stirred tank:

% %:— = F(cao—ca) — kiVe EVR'T* g4
+ keVe—Eo/R'T* cp (51)
v Ztcf = F(cBo— cB) — k2Ve E2/R'T" cp
+ kiVe E1/R'T* gy (52)
_ Q=0
T
p=0” o

-0t

JE—

Fig. 14, Second-order exothermic reaction with
proportional control,

el

Q=0
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AH[kiVe BRT* cp — keVe E/R'T* cp] —
(hA + ge) (T* —T¢) (53)
Equations (51) and (53) may be added and a new vari-
able defined by

= pFCp(To—“ T“) +

c®* =ca+cn (54)

With proportional control, the dynamic equations in di-
mensionless form become

s T
da T
——a—A (L +ae — 11+ e
T
[

Cs T+1 Cs
L{——(c-i-l)——(a-i-l)}e +(1———)]
as ds

(55)
de
== 56
a - (56)
T
dT e
—CFZ——')/T—FH[(I-FG)E — 1]+ e
T
i
4 C
[{C—(c+l)—(a~+l)}e +(1_i)]
as ds
“KT[T+ (1—ad)] (57)
Ca— Cas AH7Cask1 —g
a4 = —— €] = —————— ¢ 01
Cas pCpT's
T* —Ts AH7C sk
T:_.__ 62:_1&__3@_9
Ts pCpTs
B1 = tkie %1 01 = E1/R'Ts
B2 == tkoe %2 62 = Eo/R'Ts

The resulting system of differential equations is third-
order. For purposes of stability analysis, however, one
observes immediately from Equation (56) that the vari-
able, ¢, is always stable. Since the variable, ¢, approaches
zero as t > o0, it need not be considered in the other
two equations. The resulting system for stability analysis
becomes

7
da ) 61T+1
d—t————a—Bl[(l+a)e — 11—
T T
2] 62
T+ 1 s T+ 1
Bzl (l+a)e —1]+132;-(e —1)
(58)
T
(4}
dar T+1
—=—9yTH+ al[(l+a)e —1]
dt
T T
2 fa
T+ 1 Cs T+ 1
+e[(l+a)e —1]—e— (e — 1)
as
“KT[T + (1—ac)] (59)

It should be noted that the steady state value of ¢ (that
is, ¢s) still enters the dynamic equations as a parameter.

The differential equations are now second-order, and
the state space is once again two-dimensional. The geo-
metric stability criterion using the alternating extreme
radius paths may once again be applied. In this one ex-
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ample a change of variable reduced a third-order system
to the more convenient second-order form.

HIGHER ORDER SYSTEMS

The Search for Stable Variables

The method used in a previous problem for stability
analysis of a third-order system will now be applied to
higher order systems. In that method it was found that
one of the components of the state vector was always
stable. The system could therefore be reduced to second-
order where the alternating extreme radius paths could
be constructed. Consider now a set of chemical reactors
in series where the output of each reactor depends on
the conditions in that reactor and the feed from the re-
actor immediately preceding it. If each reactor was de-
signed as in Figure 4 and the reaction was first-order and
irreversible, then 2N simultaneous ordinary differential
equations would be necesary to describe the dynamic be-
havior of the complete system. For purposes of stability
analysis, however, each reactor may be considered indi-
vidually but in order from 1 to N. Equation (33) would
be sufficient to describe reactor Number 1. If this first
reactor is stable, then as t = o« the feed to the second
reactor becomes steady. Since stability pertains to very
large times, the stability of reactor Number 2 may be
analyzed with respect to this steady feed condition. Like-
wise the analysis may proceed step-by-step until an un-
stable reactor is found. Once an unstable reactor is found,
all reactors thereafter will surely be unstable. The im-
portant point to be made is that at each step the system
is only second-order. The methods employed previously
are thus still applicable to this very high order system. In
the limit for very large N, this chain of reactors approxi-
mates a tubular reactor with restricted backmixing. Thus
one more application of the alternating extreme radius
path is now at hand.

The control quality problem for a set of reactors in
series is quite far removed from the stability problem.
Here one is concerned with finite times. The only general
result that can be obtained by step-by-step considerations
may be found in the following: If the entire set of stages
is stable, if the disturbance in question is acting on only
one of the stages, and if each of the stages acting sepa-
rately and individually gives an acceptable level of con-
trol quality for this disturbance and all smaller disturb-
ances, then the control quality of each of the stages in
the series-connected set is acceptable.

Extensions of the Geometric Stability Criterion

Many higher order systems do not permit the type of
analysis described in the previous section. It is not al-
ways possible to find variables which are independently
stable. The next possible approach would be to extend
the geometric stability criterion described previously to
higher order systems. While this has not been achieved
as yet, some of the important considerations will be dis-
cussed here.

As a result of the uniqueness properties of the solutions
of Equation (1), one knows that the solution path is al-
ways one-dimensional regardless of the dimensionality of
the state space. One would also expect that the alternat-
ing extreme radius path would remain one-dimensional
for higher order systems. The geometric construction of
the AERP requires a very clear definition of the radius in
terms of the linear coefficients [Equation (8)]. If the
radius were defined by the usual sum of squares,

R = \/ % pi® xi? (60)
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where p1 =1, then N—1 scale factors, pi, would be
necessary. (N = order of the system). There are N!/2
(N —2)! scale factors available, however, from the off
diagonal elements of the matrix of linear coefficients, A.

This suggests that N!/2(N — 2)! radii should be defined

by considering only two variables at a time:
Rij = \/xi + pifxi2 i< (61)
pi =— @i/ aj (62)

If one focuses attention upon only two variables at a
time, three fundamental questions must be answered.

1. Which two variables receive the attention?

2. What happens to the other variables?

3. What happens to the origin of coordinates?
It is hoped that future work will produce criteria for an-
swering these questions based upon the signs of the wi, fi
and Rij.

CONCLUSIONS

The qualitative theory of differential equations as de-
veloped by Poincaré and Lyapunov has been employed
to solve some very practical control problems. The results
have come from the use of a geometric stability criterion
which involves a very simple construction in two dimen-
sions. This stability criterion gave necessary and sufficient
conditions for the existence of limit cycles in second-order
systems. It was also employed successfully in a control
quality problem at a great time saving compared to con-
ventional numerical methods.

In each problem considered, the geometric stability
criterion was compared with the results of numerical inte-
gration of the same problem. In each case, the geometric
stability criterion was valid. Among the problems con-
sidered were problems from applied mechanies and chemi-
cal process control problems. Extensions of the method to
higher order systems were then pointed out.

A great many higher order systems remain, however, to
be analyzed. The path of extending the geometric stability
criterion to such systems remains very unclear. Two ap-
proaches to this problem suggest themselves for the future.
First, one should seek a rigorous mathematical proof of the
validity of the geometric stability criterion for second-
order systems. Such a proof might indicate conclusively
the possibilities of using the method on higher order sys-
tems. Secondly, the idea of a geometric stability criterion
might be generalized directly without the aid of a mathe-
matical proof. Based upon the experience gained here
with the second approach, it seems that the first is to be
favored.

The successful application of any qualitative method
of designing control systems is only possible if the system
itself is well defined by a set of dynamic equations. Now
that nonlinear equations can be treated, there is a great
need for more data on the nonlinear characteristics of
process systems.
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NOTATION
Ao = heat transfer area
Cs = concentration of component A

Cao = input concentration of A

Cas = steady state concentration of component A
Cp = heat capacity of the reaction mixture

E = activation energy
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f = fraction of steady state flow of feed through the
heat exchanger which is actually flowing at a
time (thatis, f = 1 — KoT')

volumetric flow rate to the reactor

control function for the jacket

heat transfer coeficient at steady state

heat of reaction

proportional gain of the jacket controller
proportional gain of the heat exchanger controller
specific reaction rate constant = ke~ E/R'T*
preexponential factor

scale factor

order of reaction

right-hand side of differential equation

= right-hand side of differential equation
radius

gas constant

time

absolute temperature

input temperature -

average coolant temperature

input temperature of cold feed to the heat ex-
changer

A T O O

1 (T T

Il

;5:}@";?{125@‘33 3 »ybzqgt'q'ﬁ 1
l

Ts = steady state temperature
V = volume of the reactor
xi = ith dependent variable
x = vector of dependent variables
ar = Tr/Ts
hA+r ) .
71 14 (pVCp jacket
hA~
y2 = 1+4 ( > heat exchanger
pVCp
p = density of the reaction mixture
T = time constant
7¢® = rate time for derivative control

¢ = dimensionless rate constant for derivative control
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